Abstract. The substructures of the Galactic dark matter halo such as dark matter subhalos and dwarf galaxies have very low velocity dispersions, which makes them useful in constraining the scenario of Sommerfeld-enhanced dark matter annihilation. We calculate the velocity distribution of dark matter particles in the dark matter halo substructures using the Eddington's formula with NFW density profile. We parameterize the effect of Sommerfeld enhancement of s-wave dark matter annihilation on the gamma-ray flux as the Sommerfeld-enhanced J-factors, and explicitly calculate their values for 15 known dwarf spheroidal galaxies. Using the results from the analysis of the unassociated point-sources in the Fermi-LAT 3FGL and Fermi-LAT gamma-ray data observation on the 15 dwarf galaxies, we derive upper limits on the dark matter annihilation cross sections with Sommerfeld enhancement. We find that in a wide region of parameter space, the constraints can be a few orders of magnitude more stringent than that in the case without the Sommerfeld enhancement. For dark matter annihilation dominantly into e + e − , µ + µ − , τ + τ − and bb, those constraints can exclude thermal relic dark matter for the dark matter mass below about 1 TeV.
Introduction
Cosmological and astrophysical observations have shown that about 85% of the matter in the Universe consists of cold dark matter (DM) rather than Standard Model (SM) particles [1] [2] [3] . The most popular class of dark matter particle candidates is that of weakly interacting massive particles (WIMPs) [4, 5] . These particles decouple from the thermal bath as the early Universe is expanding and cooling and finally achieve the appropriate relic density. In this scenario, the observed dark matter abundance determines the dark matter annihilation cross section, provided that the dark matter particles are massive enough to become non-relativistic at freeze-out. The particles such as high energy gamma rays, pairs of electrons and positrons and antiprotons produced in the annihilation of dark matter in regions of high dark matter density, including the Galactic center [6] [7] [8] , subhalos in the Milky Way [9, 10] , and dark matter mini-spikes around intermediate-mass black holes [11] [12] [13] provide a valuable chance to study the nature of dark matter indirectly through accurate measurements of cosmic-rays spectra [14, 15] .
In the early Universe, small matter density perturbations grow via gravitational instability giving rise to cold, collisionless dark matter bound structures known as halos. N-body simulations under the standard ΛCDM cosmological framework demonstrate that dark matter halos form hierarchically [16] , with low-mass halos forming first and then large-mass halos resulting from the merging and accretion of those smaller halos. The hierarchical nature of the structure formation implies that halos contain very large numbers of smaller subhalos, which orbit within the potential well of a more massive host halo [16, 17] . Subhalos can play a crucial role in indirect dark matter searches, since the cosmic-rays fluxes produced from the self-annihilation of dark matter are proportional to the square of the dark matter density and hence, the presence of substructure could lead to an enhancement over the expected signal from the smooth distribution of dark matter in the host halo [18] .
Under the assumption that the dark matter annihilation cross section (the cross section multiply by the velocity) is velocity-independent, the gamma-ray flux from the annihilation of dark matter in a subhalo can be expressed as a product of the line-of-sight integral to the dark matter distribution of a subhalo, i.e., the J-factor and a component depending on the particle physics models on dark matter annihilation [19] . In this case, the J-factor is independent of the underlying dark matter particle physics such as the dark matter mass and cross section, thus, the J-factor can be simply factorized from the particle physics. However, in generic cases the dark matter cross section can be velocity-dependent, for instance, in some models the dark matter annihilation cross section is p-wave suppressed (i.e., σv ∝ v 2 ) [20] [21] [22] [23] [24] . Furthermore, it has been shown that the dark matter annihilation cross section may be enhanced at low relative velocities by the so-called Sommerfeld enhancement, which results from the exchange of light mediators between dark matter particles [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . The Sommerfeld enhancement provides a physical mechanism for the dark matter explanation of the rising positron fraction at energies 10 GeV observed by the PAMELA and AMS-02 experiments [37] [38] [39] [40] [41] [42] [43] . When the annihilation is velocity-dependent, the produced cosmic-ray flux is also affected by the distribution of dark matter particle velocities, which depends on the location in the subhalo, thus the dark matter annihilation cross section cannot be extracted from the J-factor directly [44, 45] .
In this work we focus on the dark matter annihilation cross section that is enhanced by the Sommerfeld effect. We determine the so-called Sommerfeld-enhanced J-factor and put constraints on the particle parameter space using the null results from the Fermi-LAT experiment observing the gamma-ray sources. To this end, in section 2 we firstly make a brief review of the Eddington's formula. Using this formula, we can determine the dark matter velocity distribution of a subhalo for a given dark matter density profile, with the assumption that the orbits of dark matter particles are isotropic. We define a dimensionless dark matter velocity distribution function and show that this distribution function can be well fitted by an exponential form of velocity. In section 3, we display our study on the Sommerfeld enhancement and the Sommerfeld-enhanced J-factor is presented in section 4. Finally, we take advantage of the Fermi-LAT dark matter searches of gamma-ray sources to put limits on the Sommerfeld enhancement in section 5. For the subhalo observations, we count the numbers of sources that may be observed by the Fermi-LAT experiment and use this to determine the 95% confidence level Poisson upper limit on the predicted numbers of such sources. For the dwarf satellite galaxies searches, we use the likelihood and upper limits on the gamma-ray flux provided by the Fermi collaboration to determine the upper limits on the dark matter parameters space at 95% confidence level. With these results, we show that the Sommerfeld enhancement parameter spaces that may account for the positron anomaly have been excluded by the Fermi-LAT gamma-ray observation results. In section 6, we summarize our conclusions.
Dark matter velocity distribution function

Eddington's formula
For the purpose of determination of the velocity distribution of dark matter, we assume that the gravitational potential that bounds the dark matter particles is spherically-symmetric and the orbits of dark matter particles are isotropic. Simulation studies of the velocity anisotropy profiles of the dark matter subhalos are consistent with this range out to the subhalo virial radius [46] . With these assumptions, the particle velocity distribution function can be uniquely determined using the Eddington's formula [47] for a given mass density profile ρ(r)
where Ψ(r) represents the spherically-symmetric gravitational potential at position r, f (ε) ≡ f (r, v) is the dark matter velocity distribution function, v is the dark matter particle velocity (in unit c) and ε = v 2 /2 + Ψ(r) < 0 is the gravitational binding energy per mass of a dark matter particle. The dark matter density profile and velocity distribution function satisfy the normalization ρ(r) = f (r, v)d 3 v. For an isotropic velocity distribution function f (r, v), the normalization can be written as
where v esc = −2Ψ(r) is the escape velocity of a dark matter particle at radius r in the gravitational binding system. In the following, the Navarro-Frenk-White (NFW) profile [48] is used to approximate the dark matter density distribution. For such a distribution of dark matter, f (r, v) can be expressed as a product of a dimensionless distribution and a scale factor. We also find that the dimensionless velocity distribution can be parameterized by an exponential form of velocity. In this work, the parameterization of the dimensionless velocity distribution (i.e. Eq. (A.7), see appendix A for more details) is adopted for the calculation of f (r, v).
In figure 1 , we plot v 2 f (r, v) at radius r = 0.5r s as a function of dark matter particle velocity (in unit c). Results for the dwarf galaxy Sextans, Bootes and Carina are shown by the red, green and blue lines. We take the astrophysical parameters (V max , R Vmax ) for these dwarf galaxies from Ref. [49] , and the NFW profile parameters (r s , ρ s ) are determined using Eq. (2.4) and Eq. (2.5) (see the next subsection). The measurements of the dwarf galaxy stellar velocity dispersion profiles show that the velocity typically spans 3 to 15 km/s (see figure 1 and figure 2 of Ref. [50] ), this is represented by the yellow band in the figure.
Dark matter profile
The spatial distribution of dark matter is assumed to be given by the NFW profile [48] 
where r s and ρ s are the scale radius and density of the dark matter distribution profile. For the subhalos, the scale parameters r s and ρ s are uniquely determined for each subhalo with the relations
where r s is in kpc, V max and R Vmax are the maximum circular velocity and the radius of maximum circular velocity. Following Ref. [19] , the relations between V max , R Vmax and the subhalo mass M can be parameterized as We notice that although under the framework of ΛCDM cosmology, large N-body numerical simulations lead to the commonly used NFW halo cusp spatial density profile, analysis of observations in the central regions of various dwarf halos is in favor of cored profiles [16, [51] [52] [53] . The self-interacting dark matter scenario [54] may provide one of the possible solutions to this problem (recent researches of the self-interacting dark matter with N-body simulations can be found in Refs. [55] [56] [57] [58] ). In this scenario, the dark matter distribution may be altered intensely by the dark matter self-interaction and tends to a flat dark matter density profile in the center region of the halo (the reader may see Refs. [59] [60] [61] for more details).
Sommerfeld enhancement
The "Sommerfeld enhancement" is the effect that enhances the dark matter annihilation cross sections in the low-velocity regions, this nonrelativistic quantum effect arises due to the formation of long range attractive interaction. If the dark matter particles interact via the exchange of some kind of light mediator, their incoming wave function can be distorted by the presence of a long range potential when their kinetic energy is low enough [27, 32] . In view of the quantum field theory, the Sommerfeld effect corresponds to the contribution of "ladder" Feynman diagrams like the one shown in figure 2 , in which the force carrier is exchanged many times before the annihilation finally occurs [62] . This process gives rise to nonperturbative corrections to the annihilation cross section of dark matter [27] .
We consider a hidden sector in which the dark matter particle χ couples to a light force carrier φ with coupling g X = √ 4πα X . The actual annihilation cross section times relative velocity is (σ ann v rel ) = (σ ann v rel ) 0 × S, where (σ ann v rel ) 0 is the tree-level cross section times relative velocity and S stands for the Sommerfeld enhancement factor. We assume that the dark matter tree-level annihilation cross section is dominated by s-wave processes, which are unsuppressed at low velocities . Let ψ(r) be the reduced two-body wave function of the s-wave annihilation, in the nonrelativistic limit, the motion of the reduced two-body wavefunction obeys the radial Schrödinger equation
where m χ is the dark matter mass and v = v rel /2 is the velocity of each particle in the center-of-mass frame. The attractive force of nonrelativistic dark matter particles mediated by a scalar or vector forms a Yukawa potential
where m φ is the mass of the light mediator. By solving the Schrödinger equation with the boundary condition ψ ′ (r) = im χ vψ(r) and ψ(r) = e imχvr as r → ∞, we obtain the Sommerfeld enhancement factor
Defining two dimensionless parameters 4) and using the dimensionless variable x = α X m χ r, the radial Schrödinger equation can be rewritten as
where the potential V (x) = exp(−ε φ x)/x. The boundary conditions become ψ ′ (x) = iε v ψ(x) and ψ(x) = exp(iε v x) as x → ∞. Approximating the Yukawa potential as the Hulthén potential we can obtain an analytic formula for Sommerfeld enhancement [63, 64] 
In this work, we have used this analytic approximation to the Sommerfeld enhancement.
Comparisons between the analytic and numerical solutions for the Sommerfeld enhancement are shown in appendix B. 
Sommerfeld-enhanced J-factor
The commonly used differential photon flux produced from the annihilation of astrophysical dark matter is given by
where D is the distance to the satellite center, l is the distance along the line of sight, θ is the offset angle relative to the center and r(D, l, θ) = √ D 2 + l 2 − 2Dl cos θ is the distance from the satellite center. The angular integration is performed over ∆Ω = 2π(1 − cos θ). dN/dE γ is the photon spectrum produced by a single annihilation process and (σ ann v rel ) 0 is the dark matter annihilation cross section. The second term of Eq. (4.1) is often called J-factor, which encapsulates all astrophysical information for determining the photon flux from the dark matter annihilation.
Notice that the annihilation cross section is assumed to be velocity-independent to obtain the differential photon flux Eq. (4.1), thus the J-factor is simply an integral over the line-of-sight and over a given angular region of the square of the dark matter density profile of the satellite. This is reasonable for the most discussed neutralino models featuring a mostly used s-wave velocity-independent cross section. However, theoretically, the annihilation cross section may be velocity-dependent. For instance, dark matter models with p-wave suppressed annihilation processes have been studied in many recent works [20, 24, 65] . Additionally, dark matter models with Sommerfeld-enhanced annihilation cross section have been used to account for the observed positron cosmic-ray anomalies [30-32, 39, 40] . In these cases, the J-factor cannot be simply factorized from the particle physics, since the photon flux arising from dark matter annihilation depends on the dark matter velocity distribution. A general form of differential photon flux produced from dark matter with a velocity-dependent annihilation cross section can be written as
In this formula, the annihilation cross section (σ ann v rel ) may be p-wave suppressed or Sommerf eld-enhanced. In this work we only take into account the Sommerfeld enhancement which is dominated by s-wave processes, the calculations of Sommerfeld-enhanced J-factor are based on the methods given by Boddy et al. [45] . Notice that the Sommerfeld-enhanced annihilation cross section can be expressed as (
where the tree-level cross section (σ ann v rel ) 0 is s-wave dominant, i.e., velocity-independent. Then the Eq. (4.3) can be rewritten as
where J S is the Sommerfeld-enhanced J-factor which is characterized by a subscript S
In the limit S → 1 (i.e., ε φ ≫ 1), we have J S → J. The Sommerfeld-enhanced J-factor J S depends on five parameters, two of them are dark matter model parameters: α X and ε φ , and the other three are astrophysical parameters: (r s , ρ s ), the scales of satellite dark matter profile and D, the distance to the satellite center.
Notice that the integration of J S not only depends on the magnitudes of v 1 and v 2 but also depends on the angle between the velocity of two dark matter particles, we express this explicitly
J S is depicted in figure 3 as a function of ε φ with various parameters. The distance D in the two panels of the figure is assumed to be 50 kpc. In the left panel of figure 3 , we calculate the Sommerfeld-enhanced J-factor for three mass scales of subhalo: 5 × 10 6 M ⊙ , 5 × 10 7 M ⊙ and 5 × 10 8 M ⊙ , with the coupling α X = 0.01. We obtain the scales of dark matter profile (r s , ρ s ) for the given subhalo masses using the relations mentioned in the above section, and notice that there are some uncertainties in the fitting equations. In the right panel, we demonstrate the Sommerfeld-enhanced J-factor with various coupling α X , assuming M = 5 × 10 7 M ⊙ and D = 50 kpc. As is shown in the figure, the Sommerfeldenhanced J-factor J S → J as ε φ goes much beyond 1, since in this region the Sommerfeld enhancement S → 1. The enhanced factor J S /J may be up to ∼ 10 3 for α X = 0.01 at low ε φ . The resonances occur at ε φ ≃ 6 π 2 n 2 , where n is an integer, and the Sommerfeld enhancement scales as α 2 X ε φ /v 2 . The resonance amplitude decreases with the increasing of a subhalo mass, since the average speed of dark matter particles is larger in a much more massive subhalo. The saturation of the Sommerfeld enhancement occurs at about ε φ ∼ v 2α X , this leads to the constraint ε φ 10 −5 α −1 X for the dwarf galaxies, in which the typical dark matter velocity has the scale ∼ O(10) km/s. As is mentioned above, the Sommerfeld enhancement S → πα X /v in the limit ε φ ≪ ε v (i.e., ε φ 10 −4 α −1 X for the dwarf galaxies). Thus in this region the Sommerfeld-enhanced J-factor is proportional to the coupling α X , as is shown in the figure. For the region ε φ 10 −4 α −1 X , the Sommerfeld-enhanced J-factor is independent of α X . In order to focus on our topic, we have used the NFW profile and assumed isotropic orbits for the calculation of J-factor. Notice that the previous literatures [49, 50, 66] about the J-factor calculations have allowed for non-NFW profiles, anisotropic stellar velocity dispersions and assumed a Gaussian likelihood for the stellar velocities. Refs. [67, 68] provide a simple analytic formula to calculate the J-factor for spherical cusp without solving the spherical Jeans equations, which relate the velocities of the stars to the underlying dark matter distribution. In the framework of isotropic orbits, the calculations of non-NFW profiles are analogous, however, it may require to go beyond the Eddington's formula when the anisotropic models are taken into account.
5 Constraints from the Fermi-LAT gamma-ray sources observations
Constraints from the Fermi-LAT subhalo searches
Since 2010, the Fermi collaboration has released their First Fermi-LAT catalog (1FGL) [69] , based on their first 11 months of data. This catalog contains 1451 sources detected and characterized in the 100 MeV to 100 GeV range, 630 of which had (at the time) not been associated with counterparts at other wavelengths. Recently, Bertoni et al. [70] [71] [72] examined the subset of 992 unassociated sources in the Third Fermi-LAT catalog (3FGL) [73] in an effort to identify dark matter subhalo candidates, and to use the population of such sources to constrain the dark matter annihilation cross section. They identified a subset of 24 bright (Φ γ > 7 × 10 −10 cm −2 s −1 , E > 1 GeV) and high-latitude (|b| > 20 • ) sources (a list of these sources can be found in table 1 of Ref. [71] ) that show no evidence of variability and exhibit a spectral shape that is consistent with the predictions of annihilating dark matter.
The differential gamma-ray spectrum from dark matter annihilation within an individual subhalo is given by Eq. (4.1) for a velocity-independent cross section and Eq. (4.3) for a velocity-dependent cross section. For the case of velocity-independent dark matter annihilation cross section, the brightness of the gamma rays from a subhalo mainly depends on the mass and distance of the subhalo and also the dark matter density profile. Throughout this work, we use the NFW profile for the dark matter distribution of subhalos, however, we notice that for subhalos located within the innermost few tens of kiloparsec of their host halo, the distribution of subhalos is significantly altered by the tidal effects, which lead to a power-law profile with an exponential cutoff (see Ref. [72] for more details).
Cosmological simulations [74, 75] show that the mass distribution of subhalo populations follows a power-law form, dN/dM ∝ M −1.9 . We make use of the mass distribution of the The color shaded parameter space is excluded at 95% confidence level, the dark matter annihilation channel is assumed to be bb and ττ in the left and right panel. Figure 5 . Constraints on the dark matter annihilation cross section at 95% confidence level derived from the Fermi-LAT subhalo searches, with a given Sommerfeld-enhanced J-factor. The horizontal grey line stands for an annihilation cross section (σ ann v rel ) 0 = 3 × 10 −26 cm 3 s −1 , the dark matter annihilation channel is assumed to be bb and ττ in the left and right panel.
local subhalo population from Ref. [72] , in which the distribution is obtained through fitting to the ELVIS simulation data with subhalo masses between 10 8 M ⊙ and 10
For subhalo masses lower than ∼ 10 8 M ⊙ , the numbers of subhalos of the simulation are smaller than that predicted by the power-law formula, this may be due to the finite resolution of the simulation [72] . Larger numbers of subhalos are expected when taking into account the finite resolution of the simulation and the power-law form may still be valid for the subhalo mass distribution in these mass ranges. Thus, following Ref. [72] , in this work we use the power-law form of subhalo mass distribution for the masses of subhalo in the range of (1.9 × 10 5 − 10 7 )M ⊙ . The lower limit 1.9 × 10 5 M ⊙ of subhalo masses represents the resolution of the ELVIS simulation, and the upper limit of subhalo masses is restricted to be below 10 7 M ⊙ to avoid the inclusion of any dwarf galaxies. There are no observation constraints on the minimum masses of subhalo, the limits on the dark matter annihilation cross section may alter by a factor of 2 with the variation of the minimum subhalo masses. With the subhalo mass distribution, the predicted number of dark matter subhalos that yield a gamma-ray flux above the Fermi-LAT threshold Φ threshold is given by
where Θ is the step function, Φ γ is the gamma-ray flux produced from a subhalo with energies in (1 − 100) GeV, and Ω is the solid angle observed by the Fermi experiment, which corresponds to 4π(1 − sin 20 • ) for the case of |b| > 20 • . We take the threshold Φ threshold as that in Ref. [72] . Using the method proposed in previous works [70] [71] [72] , we put constraints on the Sommerfeld enhancement with the subhalo observations. Given a subhalo mass, we calculate the maximum circular velocity V max and the radius of maximum circular velocity R Vmax with Eq. (2.6) and Eq. (2.7). The subhalo NFW profile parameters r s and ρ s are determined using Eq. (2.4) and Eq. (2.5). We then determine the dark matter particle velocity distribution function f (r, v) using Eq. (A.5) and Eq. (A.7) (more details on the calculations of f (r, v) can be found in appendix A). Given the dark matter particle parameters α X , ε φ and annihilation cross section, the Sommerfeld-enhanced J-factor of subhalo at distance D and the differential photon flux produced from dark matter annihilation are determined using Eq. (4.7) and Eq. (4.4). By integrating the differential photon flux dΦ γ /dE γ with respect to photon energy E γ we obtain the gamma-ray flux Φ γ (following Refs. [70] [71] [72] , we take into account photons with energy in the range of (1-100) GeV). With these results, we finally obtain the predicted number of dark matter subhalos N pre that may be observed by the Fermi-LAT experiment using Eq. (5.2). For the case of small numbers of observed events, the confidence limits can be placed based on the Poisson statistics. Based on the results from the analysis by Bertoni et al. in Ref. [71] , the number of dark matter subhalo candidates is taken to be 24, thus the 95% confidence level (CL) Poisson upper limit on the predicted number of such sources is N upp = 33.75 (see table 1 in Ref. [76] ).
In figure 4 , we show the limits on the parameter ε φ as a function of dark matter mass m χ for several values of the coupling α X , and the dark matter cross section (σ ann v rel ) 0 is fixed at 3 × 10 −26 cm 3 s −1 . For each choice of ε φ , we calculate the predicted number of sources N pre that may be observed by the Fermi-LAT experiment. By plotting the contour of predicted number of sources at N pre = N upp = 33.75 in the (m χ − ε φ ) plane, we determine the 95% confidence level limits on the parameter ε φ . In the left and right panel of figure 4 , the dark matter annihilation channel is bb and ττ respectively. The color shaded parameter spaces are excluded at 95% confidence level by the subhalo observations. As is shown in the figure, the constraints become more stringent with a larger α X for ε φ 10 −3 . Our results can be easily changed to the (m φ − m χ ) plane by using the relation ε φ = m φ /(α X m χ ).
In figure 5 , we show the constraints on the dark matter annihilation cross section at 95% confidence level as a function of dark matter mass. We assume the coupling α X to be 0.1 and determine the Sommerfeld-enhanced J-factor for a given value of ε φ . We calculate the signal gamma-ray flux from dark matter annihilation for each choice of dark matter mass m χ and annihilation cross section (σ ann v rel ) 0 . Using the same procedure as above, we count the predicted numbers of sources and determine the 95% confidence level Poisson upper limits on the dark matter annihilation cross section by plotting the contour of predicted number of sources at N pre = N upp = 33.75. Although the constraints derived here are somewhat weaker than those based on the observations of dwarf galaxies (see the next subsection), the results may be improved with more observations from the Fermi-LAT experiments and future gamma-ray telescopes.
Here we give discussions on some of the important uncertainties involved in our calculations and estimate their likely impacts on our limits. One of the uncertainties comes from the profile forms that might describe the distributions of dark matter in the subhalos. We have assumed the NFW dark matter profile for this study, the constraints may be enhanced by a factor of a few for the Einasto profile. We have taken a power-law form with a slope 1.9 for the dark matter mass distribution, as is used in Ref. [70] [71] [72] . The limits on the dark matter cross section may alter by a factor of 1.5-2 when we change the slope over the range of 1.8 to 2.0 (see Ref. [72] ). We have assumed a subhalo mass range that begins at ∼ 10 5 M ⊙ , which is the resolution of the ELVIS simulation. We have checked that the constraints remain unchanged if the minimum subhalo mass is set at the resolution of the Via Lactea II simulation ∼ 10 3 M ⊙ . However, the limits may improve by a factor of ∼ 2 when the minimum mass is taken to be 1M ⊙ .
Constraints from the Fermi-LAT dSphs searches
One of the most stringent constraints on the dark matter annihilation cross section to date comes from gamma-ray observations of Milky Way dwarf spheroidal satellite galaxies (dSphs).
Here we take advantage of the Fermi-LAT dark matter searches from Milky Way dSphs to put limits on the Sommerfeld enhancement. For this purpose, we follow the results from the analysis by the Fermi collaboration [77] , which are based on the six years of Fermi-LAT gamma-ray data observation on the 15 dwarf galaxies in the energy range 500 MeV−500 GeV.
Firstly, we will show how the J-factor uncertainty impacts the constraints of the dark matter annihilation cross section. Bin-by-bin likelihood L i (µ, θ i |D i ) as a function of gammaray flux for 15 dSphs is available online [78] provided by the Fermi collaboration [77] . The total likelihood function for target dwarf galaxy i is given bỹ
where L i (µ, θ i |D i ) and L J (J i |J obs,i , σ i ) are the likelihood functions from the dark matter models and J-factors, µ is the set of parameters of dark matter model, and θ i is the set of nuisance parameters (see Refs. [77, 79] for more details). Since the constraints on the dark matter annihilation cross section given by the Fermi collaboration [77] have already taken into account the J-factor uncertainty, we will calculate the constraints without consideration of this uncertainty. To do this, we set the J-factor J i = J obs,i for each target (here the J obs,i is from Ref. [77] ), and take L i (µ, θ i |D i ) as the total likelihood function. Given the dark matter mass and annihilation cross section (here the annihilation cross section is velocityindependent), we compute the gamma-ray flux produced from dark matter annihilations in each energy bin and determine the likelihood L i (µ, θ i |D i ) using the likelihood function tables provided by the Fermi collaboration online [78] . Thus we obtain the likelihood in all energy bins for each target, multiply all of the likelihood functions we finally obtain the total likelihood from the 15 dSphs (i.e., L = i L i (µ, θ i |D i )). We then determine the regions of the annihilation cross section excluded at 95% confidence level by performing a test statistic, comparing the likelihood with and without the dark matter signal. In figure 6 , we show our calculation results (solid lines) and compare them with the constraints given by the Fermi collaboration (dot line). As we can see, the constraints can be enhanced at most 2% − 5% when the J-factor uncertainty is not taken into account, and the enhancements go to zero when dark matter mass m χ 1 TeV. Starting with Fermi's published upper limits on the gamma-ray flux [78] , in the following, we determine the constraints on the dark matter parameters taking into account the Sommerfeld enhancement. To determine the Sommerfeld-enchanced J-factor, we should know the parameters of the dark matter profile. The astrophysical parameters (V max , R Vmax ) for the 15 dSphs are taken from Ref. [49] , in which a multilevel statistical modelling technique is used to constrain the dark matter halo properties (this technique is also adopted by the Fermi collaboration [79] ). We find that the J-factors (J obs ) calculated here are in good agreement with the values given by the Fermi collaboration [77] . We show the calculation results of Sommerfeld-enchanced J-factor J S with various ε φ for the 15 dSphs in Figure 7 . The Fermi-LAT dSphs searches constraints on ε φ at 95% confidence level. The color shaded parameter space is excluded at 95% confidence level, the dark matter annihilation channel is assumed to be bb and ττ in the left and right panel.
same, which leads to a different dark matter particle velocity distribution. Given the Sommerfeld-enchanced J-factor we calculate the gamma-ray flux produced by the dark matter annihilations in the dSphs and use the upper limits on the gamma-ray flux to determine 95% confidence level limits on the dark matter parameters. In figure 7 , we show the constraints on ε φ at 95% confidence level as a function of dark matter mass. As is shown in the figure, all of the ε φ parameter spaces have been excluded for the dark matter mass m χ 100 GeV, since the Fermi-LAT experiment has the ability to detect the dark matter signal with a cross section below the canonical thermal relic cross section in this region. As is expected, the constraints from the dSphs search results are much more stringent than that from the subhalo observation results. In figure 8 , we show the constraints on the dark matter annihilation cross section at 95% confidence level as a function of the dark matter mass. The coupling α X is assumed to be 0.1 here, and we notice that the constraints are independent of this parameter for dark matter mass m χ 10 TeV. As is shown in the figure, our results highlight that the Sommerfeld enhancement hypothesis is discordant with the WIMPs scenario, these results are in line with the previous studies [32, 80] .
The anomaly in the cosmic positron fraction data at energies 10 GeV has motivated dark matter candidates with Sommerfeld-enhanced annihilation. Ref. [42] gives comprehensive studies on the AMS-02 positron fraction data. They show that for the case of model A of cosmic ray propagation (see table 1 of Ref. [42] ) and dark matter annihilations to bb, the required enhancement is in the range of ∼ (200 − 2000) and the dark matter mass is in the range of ∼ (700−2500) GeV (bounds on the dark matter annihilation cross section are shown in figure 5 of Ref. [42] ). In the left panel of figure 9 , we show the results of Sommerfeld enhancement with various coupling α X . The dark matter particle velocity is taken to be 220 km/s, which is a typical value for the Galactic dark matter. As is shown in the figure, to reach the required enhancement we should require a strong coupling to the light force carrier, α X 0.1. We then fix the coupling α X at 0.1 and randomly generate the parameters points with ε φ in 10 −2 − 1 and dark matter mass in the range of (700 − 2500) GeV (notice that as is shown above the constraints are independent of α X for dark matter mass m χ 10 TeV). We select out the points with a Sommerfeld enhancement S > 150. Through these procedures we estimate the parameter spaces that may account for the AMS-02 positron fraction anomaly, the results are shown by the green bands in the right panel of figure 9 . The constraints from the Fermi-LAT dSphs searches are represented by the red line, these results show that the Sommerfeld enhancement parameter spaces that may account for the AMS-02 positron Figure 8 . Constraints on the dark matter annihilation cross section at 95% confidence level derived from the Fermi-LAT dSphs searches, with a given Sommerfeld-enhanced J-factor. The horizontal grey line stands for an annihilation cross section (σ ann v rel ) 0 = 3 × 10 −26 cm 3 s −1 , the dark matter annihilation channel is assumed to be e + e − , µ + µ − , bb and ττ from the upper left panel to the lower right panel. anomaly are restricted by the Fermi-LAT gamma-ray observation results.
Conclusions
In the case of velocity-independent dark matter cross section, J-factor is independent of the underlying dark matter particle physics and can be simply factorized from the particle physics. However, the annihilation cross section cannot be extracted from the J-factor directly when the annihilation cross section is velocity-dependent, since the photon flux arising from dark matter annihilation depends on the dark matter velocity distribution. In this work we focus on the dark matter annihilation cross section that is enhanced by the Sommerfeld effect. We determine the dark matter velocity distribution for the NFW dark matter density profile using the Eddington's formula, with the assumption that the orbits of the dark matter particles are isotropic. We define a dimensionless dark matter velocity distribution function and show that this distribution function can be well fitted by an exponential form of velocity. We then calculate the Sommerfeld-enhanced J-factor with the dark matter velocity distribution function and show its behaviors in many parameter spaces. The subhalos and dSphs have low characteristic dark matter particle velocities, thus are ideal sites to study the Sommerfeld enhancement effect. We use the Fermi-LAT gammaray sources observation results to put constraints on the Sommerfeld enhancement. For the subhalo observations, we count the predicted numbers of dark matter sources that may be observed by the Fermi-LAT experiment and determine the 95% confidence level Poisson upper limit on the dark matter annihilation cross section. For the dSphs, we use the likelihood and upper limits on the gamma-ray flux provided by the Fermi collaboration to determine the upper limits on the dark matter parameters space at 95% confidence level. Fitting to the AMS-02 positron fraction data shows that to account for the positron anomaly with dark matter scenario, the required enhancement and dark matter mass should be in the range of (200 − 2000) and (700 − 2500) GeV. Our analysis shows that these parameter spaces have been restricted by the Fermi-LAT gamma-ray observations. Our results may also put stringent constraints on the self-interacting dark matter models that may account for the Galactic Center GeV gamma-ray excess.
Blum et al. [81] have shown that the naive Sommerfeld enhancement S used in this work should be replaced by the regulated Sommerfeld enhancementS when the partialwave unitarity bounds are taken into account (see the original work [81] for more details). Depending on the choice of parameters (for instance, the coupling α X , mediator mass, and short-range annihilation and elastic cross sections), the enhancement close to a resonant point may be many orders of magnitude smaller in the regulated case. Thus, the constraints near resonance peaks could be weaker than that evaluated in this work if we use the regulated Sommerfeld enhancement. Notice that figure 2 of Ref. [81] shows that the discrepancy between the naive and regulated Sommerfeld enhancement near a resonance peak goes to zero when v 10 −4 , assuming specific values of the parameters. Further research should be done on this issue for the dwarf galaxy system, in which the velocity of dark matter particle is in the range 10 −5 − 10 −4 .
whereρ is a dimensionless quantity as a function ofr = r/r s . Then the gravitational potential can be written as
where the dimensionless gravitational potential is given bỹ Ψ(r) = −C/r max − 4π rmax r (ln(1 +r) −r/(1 +r))/r 2 dr ifr <r max −C/r ifr ≥r max (A.3)
where C = 4π(ln(1 +r max ) −r max /(1 +r max )) andr max = 2.163. We can also define a dimensionless energy per unity massε =ṽ 2 /2 +Ψ(r), (A.4) whereṽ = (Gρ s r 2 s ) −1/2 v is a dimensionless velocity. With these dimensionless quantities, the dark matter distribution function can be written as
wheref (ε) is the dimensionless dark matter velocity distribution function, which has the same form as Eq. (2.1)f
We find this dimensionless dark matter velocity distribution function can be parameterized asf (r,ṽ) = exp ∞ n=0 a n (r)ṽ n , (A.7)
where a n (r) is a coefficient that depends on the dimensionless radiusr. Expanding the series to n = 5 or n = 6 can give well fitting results with this formula. We show the numerical and fitting results of dimensionless distribution functionf (r,ṽ) in figure 10 . The purple lines in the figure represent the numerical results and the green lines stand for the fitting results, from the upper left panel to the lower right panel the "radius"r are set at 0.1, 0.5, 1.0 and 1.5 respectively. As is shown in the figure, the dimensionless distribution functionf (r,ṽ) is nearly a constant when "velocity"ṽ 0.1, while it drops rapidly to zero as "velocity" increases. The figure also shows that dimensionless distribution functionf (r,ṽ) decreases with the increasing of "radius".
B Analytic solutions for the Sommerfeld enhancement
In the limit of a massless force carrier, the Yukawa potential becomes a Coulomb potential and can be solved analytically [25] . In this case the Sommerfeld enhancement factor is given by S = π/ε v 1 − e −π/εv .
(B.1) Figure 10 . Numerical and fitting results of dimensionless velocity distribution functionf (r,ṽ) as a functionr. The "radius"r is set at 0.1 and 0.5 for the upper two panels, and for the lower two panels the "radius"r is set at 1.0 and 1.5 respectively.
In the low-velocity regime v ≪ α X , S ≃ πα X /v. There are no resonances in the Sommerfeld enhancement for the Coulomb case, because the potential is not localized. We notice that the behavior of Sommerfeld enhancement decreasing with 1/v breaks down for very small velocities [62] . The Coulomb case can be recovered by the Yukawa case when the condition v 2 ≫ m φ α X /m χ holds. The Sommerfeld enhancement saturates at low velocity for a nonzero mass of mediator φ. Since the attractive force has a finite range ∼ 1/m φ , the Sommerfeld enhancement saturates at S ∼ 1/ε φ when the deBroglie wavelength of the particle 1/(m χ v) gets larger than the interaction range [30] . The analytic solution for the Schrödinger equation can also be found by approximating the Yukawa potential as the Hulthén potential [63, 64] , and the resulting Sommerfeld enhancement is given by The analytic result is an excellent approximation, typically reproducing the numerical results to within fractional differences of 10%, while in the resonance regions, the discrepancies may be as large as a factor of 2 or beyond [32, 45] . We show the analytic approximation (green lines) and numerical results (purple lines) of the Sommerfeld enhancement in figure 11 .
